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Abstract
Different routes towards canonical formulation of a specific non-minimally coupled higher-order theory of
gravity, result in at least two different Hamiltonian, which are not related under canonical transformation.
Both the Hamiltonian yield correct classical field equations, but different phase-space structures of the fields.
Further, since in the quantum domain again, the two produce distinct, but perfectly well-behaved dynamics,
there is in principle no way to pick up one as the correct and unique Hamiltonian. Thus, non-minimally cou-
pled higher order theories suffer from the pathology of “Degenerate Hamiltonian”. However, we also suggest a
possible remedy to the aforesaid problem.
keywords: Higher Order theory; Canonical Formulation; Degenerate Hamiltonian.
1 Introduction
One cannot avoid the presence of higher order curvature invariant terms when gravity is strong enough, par-
ticularly in the very early universe or in the vicinity of a black-hole. Naturally, canonical formulation of
such theories is a very important issue to study, which is of-course non-trivial. Since, a fourth order field
equation may be cast into two second order ones in view of an additional degree of freedom, so canonical
formulation of higher order theory of gravity with curvature squared term may be performed in view of the
basic variables, viz., the three-space metric hij and the extrinsic curvature tensor Kij . The oldest technique
in this context was developed long ago by Ostrogradski [1, 2]. However, if the Hessian determinant vanishes
and the Lagrangian becomes singular, e.g. in the presence of lapse function (N ), Ostrogradski’s technique
does not work and it is required to follow Dirac’s algorithm of constrained analysis [3, 4], for the purpose.
Instead of extrinsic curvature tensor, one can instead start with some specifically formulated auxiliary variables
suggested by Horowitz [5] to bypasses the constrained analysis and at the end translate to the basic variable
(Kij ) through canonical transformation, to obtain the same phase-space Hamiltonian. All these techniques
tacitly assume δhij |∂V = 0 = δKij |∂V at the boundary. As a result, the total derivative terms appearing under
integration by parts vanish at the boundary, and therefore in these techniques, the actions corresponding to
higher order theories are devoid of supplementary boundary terms. Other than the fact that in the process, one
looses a well cherished Gibbons-Hawking-York boundary term [6, 7], some additional problems with Horowitz’
formalism, (which yields same phase-space structure of the Hamiltonian obtained following Dirac’s technique
of constraint analysis) were explored sometimes back [8, 9, 10, 11, 12]. In view of these, yet another treatment
towards canonical formulation of higher order theory of gravity had therefore been developed by the name
“Modified Horowitz’ Formalism” (MHF) [9, 10, 11, 12, 13, 14, 15, 16, 17], in which δhij |∂V = 0 = δR|∂V
at the boundary, R being the Ricci scalar. In this formalism the total derivative terms obtained from the
action following integration by parts don’t vanish. Therefore, in order to cancel the total derivative terms, it is
required to supplement the action with appropriate boundary terms. MHF produces a Hamiltonian different
from the earlier ones.
A major problem has been encountered in an attempt to compare the two different phase-space Hamilto-
nian obtained following the two techniques. Although, in the minimally coupled case of higher order theory
of gravity, the phase-space Hamiltonian obtained following the latter treatment (MHF) is related to those
obtained following the earlier ones (Ostrogradski’s/ Dirac’s/ Horowitz’ treatments) under canonical transfor-
mation relations [16], nevertheless, for nonminimally coupled situations they are not [16, 17]. In the present
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work we show that the two Hamiltonian obtained following the aforesaid different techniques, are well-behaved
both in the classical and quantum domains, and therefore the are distinct. Fields associated with a particular
system must have unique phase-space structure, but practically there is no way to pick one to be the correct
description of the theory. This leads to the pathology of “Degenerate Hamiltonian”, which as we have already
mentioned is realized for non-minimally coupled higher order theories.
In the following section, we take up three such systems described by non-minimally coupled higher-order
theories to demonstrate the pathology of “Degenerate Hamiltonian. In section 3, we suggest a possible resolution
to the pathology and finally conclude in section 4.
2 Canonical formulation of non-minimally coupled higher-
order theory of gravity
The whole analysis is performed in the Robertson-Walker mini-superspace model
ds
2 = −N(t)2dt2 + a(t)2
[
dr2
1− kr2 + r
2
dθ
2 − r2 sin2 θdφ2
]
, (1)
where we use the basic variables hij = a
2δij = zδij , and kij = − ˙hij2N = − aa˙N δij = − z˙N δij = −xδij , i.e.
z = a2, x =
z˙
N
. (2)
The Ricci scalar in connection with the metric (1) is expressed as
R =
6
N2
(
a¨
a
+
a˙2
a2
+N2
k
a2
− N˙ a˙
Na
)
=
6
N2
[
z¨
2z
+N2
k
z
− 1
2
N˙ z˙
Nz
]
. (3)
In the following subsections, we study non-minimally coupled scalar-tensor theory of gravity in the presence
of scalar curvature squared term, and scalar-tensor theory of gravity in the presence of coupled higher-order
term. These studies explore the pathology of degenerate Hamiltonian.
2.1 Scalar-tensor theory of gravity in the presence of higher-order term
In a recent article [17], the following gravitational action
A1 =
∫ [
f(φ)R+ βR2 − 1
2
φ,µφ
,µ − V (φ)
]√−g d4x+ f(φ)ΣR + βΣR2 . (4)
has been extensively studied in the context of the evolution of the early universe. In the above action, the
boundary terms are ΣR = 2
∫
K
√
hd3x , and ΣR2 = 4
∫
(4R)K
√
hd3x . In the minisuperspace (1) under
consideration, the above action (4) is expressed as
A1 =
∫ [
3f
√
z
( z¨
N
− N˙ z˙
N2
+ 2kN
)
+
9β√
z
( z¨2
N3
− 2N˙ z˙z¨
N4
+
N˙2z˙2
N5
− 4kN˙ z˙
N2
+
4kz¨
N
+ 4k2N
)
+ z
3
2
( 1
2N
φ˙
2 − V N
)]
dt+ f(φ)ΣR + β
(
ΣR21 + ΣR22
)
.
(5)
In the above, ΣR = − 3
√
zz˙
N
, while ΣR21 = −
36kz˙
N
√
z
and ΣR22 = −
18z˙
N3
√
z
(
z¨ − z˙N˙
N
)
. The scalar field equation
and the (00) component of Einstein’s equation are,
φ¨+
(
3
a˙
a
− N˙
N
)
φ˙+
V ′
N2
− 6f ′
(
a¨
a
+
a˙2
a2
− N˙
N
a˙
a
− kN
2
a2
)
= 0,[
6f
a2
(
a˙2
N2
+ k
)
+ 6
f ′a˙φ˙
N2a
+
36β
a2N4
(
2a˙
...
a − a¨2 + 2 a˙
2a¨
a
− 3 a˙
4
a2
− 2a˙2 N¨
N
− 4 N˙
N
a˙a¨
+ 5a˙2
N˙2
N2
− 2 a˙
3N˙
aN
− 2kN2 a˙
2
a2
+ k2
N4
a2
)
−
(
φ˙2
2N2
+ V (φ)
)]
Na
3 = 0.
(6)
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We do not write the space-space component of Einstein’s equation, since it is not an independent equation.
The above field equations (6) admit the classical inflationary solution (for k = 0, N = 1) in the form
a(t) = a0e
Λt
, φ(t) = φ0e
−Λt
, (7)
under the conditions
V (φ) = V1 +
V0
φ
, f(φ) = f0 +
f1
φ
− φ
2
12
, where, V0 = 12f1Λ
2
, V1 = 6f0Λ
2
. (8)
In the process the forms of the coupling parameter f(φ) as well as the potential V (φ) have been found, which
we shall require at a later stage. As already mentioned in the introduction, we need to construct the phase-space
structure of the action (5), which requires additional degree of freedom, and the basic variables in the present
case are (z, x, φ, pz, px, pφ) . It is noticeable that unlike Einstein-Hilbert action, the higher-order modified action
contains time derivative of the Lapse function N , which is essentially a Lagrange multiplier. Therefore, in the
process of canonical formulation of the action as well as formulating the phase-space Hamiltonian, one has to
establish the diffeomorphic invariance H = NH of the theory, which is indeed a non-trivial task. Since the
Hessian determinant vanishes, so the Lagrangian becomes singular, and can either follow Dirac’s constraint
analysis (which gives the same result as Horowitz’ formalism), or the modified Horowitz’ formalism (MHF) for
the purpose of canonical formulation. In the following we treat both the techniques to show that the two end
up with two different Hamiltonian. We also demonstrate the fact that both the Hamiltonian are viable in the
classical and the quantum domain establishing a degeneracy.
2.1.1 Dirac Hamiltonian: Canonical quantization and semiclassical approximation
As already mentioned in the introduction, in the Dirac’s formalism δhij = 0 = δKij at the boundary, and so
the total derivative terms in action (4) as well as in (5) vanish trivially. Therefore, it is customary to start with
the action A1 (5) being devoid of the supplementary boundary terms, viz.,
A1 =
∫ [
3f
√
z
(
z¨
N
− N˙ z˙
N2
+ 2kN
)
+
9β√
z
(
z¨2
N3
− 2N˙ z˙z¨
N4
+
N˙2z˙2
N5
− 4kN˙ z˙
N2
+
4kz¨
N
+ 4k2N
)
+ z
3
2
( 1
2N
φ˙
2 − V N
)]
dt.
(9)
Introducing the definition (2) as a constraint through a Lagrange multiplier λ in the associated Lagrangian
corresponding to the action (9) as
L1 = 3f
√
z(x˙+ 2kN) +
9β
N
√
z
(x˙+ 2kN)2 + z
3
2
(
φ˙2
2N
−NV
)
+ λ
(
z˙
N
− x
)
, (10)
momenta are found as
px = 3f
√
z +
18β
N
√
z
(x˙+ 2kN); pφ =
φ˙
N
z
3
2 ; pz =
λ
N
; pN = 0 = pλ (11)
which involve three primary second class constraints. Analysing the constraints appropriately following Dirac’s
algorithm, the phase-space structure of the Hamiltonian was computed as (see appendix B.2 of reference [17])
H1D = NH1D = N
[
xpz +
√
z
36β
p
2
x −
(
f(φ)z
6β
+ 2k
)
px +
p2φ
2z
3
2
+
f2z
3
2
4β
+ V z
3
2
]
, (12)
establishing diffeomorphic invariance. The action (9) may also be expressed in canonical form as
A1 =
∫
(z˙pz + x˙px + φ˙pφ −NH1D) dtd3x =
∫
(h˙ijp
ij + K˙ijπ
ij + φ˙pφ −NH1D) dtd3x, (13)
where, pij and π
ij are the momenta canonically conjugate to hij and Kij respectively. It is trivial to
check that the above Hamiltonian (12) produces correct classical field equations. However, the viability of
3
the Hamiltonian (12) in the quantum domain has not been tested earlier, which we pose underneath. Under
canonical quantization Dirac’s Hamiltonian (12) reads as,
i~√
z
∂Ψ
∂z
= − ~
2
36βx
(
∂2
∂x2
+
n
x
∂
∂x
)
Ψ− ~
2
2xz2
(
∂2Ψ
∂φ2
)
+
i~
2
(
2k√
z
+
f
√
z
6β
)(
2
x
∂Ψ
∂x
− Ψ
x2
)
+
z
x
(
V +
f2
4β
)
Ψ. (14)
In the above, Weyl symmetric operator ordering has been performed in the 1st. and the 3rd. terms appearing
on right hand side, n being the operator ordering index. Under a further change of variable, the above modified
Wheeler-de-Witt equation, takes the look of Schro¨dinger equation, viz.,
i~
∂Ψ
∂σ
= − ~
2
54β
(
1
x
∂2
∂x2
+
n
x2
∂
∂x
)
Ψ− ~
2
3xσ
4
3
∂2Ψ
∂φ2
+ i~
(
4k
3σ
1
3
+
fσ
1
3
9β
)(
1
x
∂
∂x
− 1
2x2
)
Ψ+VeΨ = HˆeΨ (15)
where, the proper volume, σ = z
3
2 = a3 plays the role of internal time parameter. In the above, Hˆe is the
effective Hamiltonian operator and Ve =
2σ
2
3
3x
(V + f
2
4β
) is the effective potential. The hermiticity of the effective
Hamiltonian is ensured for n = −1, which allows one to write the continuity equation as,
∂ρ
∂σ
+∇.J = 0, (16)
where, ρ = Ψ∗Ψ and J = (Jx, Jφ, 0) are the probability density and the current density respectively, with,
Jx =
i~
54βx
(Ψ∗,xΨ−Ψ∗Ψ,x)−
(
2k
3σ
1
3
+ ασ
1
3
18β
)
Ψ∗Ψ
x
and Jφ =
i~
3xσ
4
3
(Ψ∗,φΨ−Ψ∗Ψ,φ) . In the process, probabilistic
interpretation becomes straight-forward for higher order theory of gravity under consideration. To test the
authenticity of the Hamiltonian (12) in the quantum domain, we perform semiclassical approximation. For this
purpose, we express the equation (14) in the following form (k = 0, n = −1)
−~
2√z
36βx
(
∂2
∂x2
− 1
x
∂
∂x
)
Ψ+ i~
(
fz
6βx
∂Ψ
∂x
− ∂Ψ
∂z
)
− ~
2
2xz
3
2
(
∂2Ψ
∂φ2
)
+ VΨ = 0, (17)
where, V = z
3
2 V
x
+ f
2z
3
2
4βx
− i~fz
12βx2
. The above equation may be treated as time independent Schro¨dinger equation
with three variables x , z and φ . Hence as usual, let us seek the solution of the wave-function (17) as,
Ψ = Ψ0e
i
~
S(x,z,φ) (18)
and expand S in power series of ~ as,
S = S0(x, z, φ) + ~S1(x, z, φ) + ~
2
S2(x, z, φ) + ..... (19)
Now, finding appropriate derivatives of Ψ in view of (19), and inserting the expressions in equation (17), one
can equate the coefficients of different powers of ~ to zero. In the process, the following set of equations (upto
second order) are obtained.
√
z
36βx
S
2
0,x +
S20,φ
2xz
3
2
+ S0,z − fz
6βx
S0,x +
(
f2
4β
+ V
)
z
3
2
x
= 0 (20a)
i
[√
zS0,xx
36βx
−
√
zS0,x
36βx2
+
S0,φφ
2xz
3
2
+
fz
βx2
]
− S1,z −
√
zS0,xS1,x
18βx
− S0,φS1,φ
xz
3
2
+
fz
6βx
S1,x = 0 (20b)
i
[√
zS1,xx
36βx
−
√
zS1,x
36βx2
+
S1,φφ
2xz
3
2
]
− S2,z +
√
zS0,xS2,x
18βx
− S0,φS2,φ
xz
3
2
−
√
zS21,x
36βx
− S
2
1,φ
2xz
3
2
+
fzS2,x
6βx
= 0 (20c)
which are to be solved successively to find S0(x, z, φ) , S1(x, z, φ) and S2(x, z, φ) and so on.
First consistency check:
In view of the definition of momentum px presented in (11), one can find the expression for pz from the
Hamiltonian (12) using Hamilton’s equation as
pz = −p˙x = −3
2
z˙√
z
f − 3√zf ′φ˙− 18β√
z
x¨+
9βx˙z˙
z
3
2
. (21)
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Now, identifying S0,x with px , S0,z with pz and S0,φ with pφ respectively, and using the definitions of
momenta (11) and (21), equation (20a) is expressed as,
−6f a˙
2
a2
− 6 a˙
a
f
′
φ˙− 36β
a2
[
2a˙
...
a − a˙2 + 2 a˙
2a¨
a
− 3 a˙
2
a2
]
+
(
1
2
φ˙
2 + V
)
= 0. (22)
In the process (00) component of Einstein’s equation (6) (for N = 1, k = 0) has been retrieved and hence Dirac
Hamiltonian (12) is successfully through with the first consistency check.
Second consistency check:
In view of the classical solutions (7) and (8) one can now compute the momenta and their integrals as
px =
( 3f0√
2Λ
+ 36
√
2βΛ
3
2
)√
x+
3f1x
2Λa0φ0
−
√
Λa20φ
2
0
2
√
2x
;
pz = −3Λ
(
f0 + 24βΛ
2
)√
z − 6Λf1z
a0φ0
− Λa
2
0φ
2
0
4
√
z
; pφ = −Λa
3
0φ
3
0
φ2∫
pxdx =
√
2
Λ
(
f0 + 24βΛ
2
)
x
3
2 − 3f1x
2
4Λa0φ0
−
√
Λ
2
a
2
0φ
2
0
√
x
=
[
4
(
f0 + 24βΛ
2
)
z
3
2 +
3f1z
2
a0φ0
− a20φ20
√
z
]
Λ
∫
pzdz = −2Λ
(
f0 − 24βΛ2
)
z
3
2 − 3f1Λz
2
a0φ0
− Λa
2
0φ
2
0
√
z
2∫
pφdφ =
Λa30φ
3
0
φ
= Λa20φ
2
0
√
z
(23)
Thus S0 , which when expressed in terms of the integrals of momenta yields
S0 =
∫
pxdx+
∫
pzdz +
∫
pφdφ = 2f0Λz
3
2 + 48βΛ3z
3
2 − Λa
2
0φ
2
0
2
√
z. (24)
One can also compute the zeroth order on-shell action (9) in view of the classical solutions (7) and (8) as
A1Cl =
∫ [
3f0Λ
√
z + 72βΛ3
√
z − λa
2
0φ
2
0
4
√
z
]
dz = 2f0Λz
3
2 + 48βΛ3z
3
2 − Λa
2
0φ
2
0
2
√
z. (25)
Since the classical on-shell action is identical with the Hamilton-Jacobi function, so the Dirac Hamiltonian is
also successfully through to the second consistency check. At this end, one can express the wave function as,
Ψ1D = ψ01e
i
~
Λ
[(
48βΛ2+2f0
)
z
3
2− a
2
0φ
2
0
√
z
2
]
. (26)
It is now in principle possible to solve equation (20b) in the form S1 = iG1(z) on the solutions (7) and (8),
and therefore the wavefunction may be expressed upto the first order approximation as,
Ψ1D = Ψ01e
i
~
Λ
[(
48βΛ2+2f0
)
z
3
2 −a
2
0φ
2
0
√
z
2
]
, where, Ψ01 = ψ01e
G1(z). (27)
Thus, first-order approximation only modifies the pre-factor of the wavefunction, keeping the oscillatory be-
havior of the wave function unaltered. The oscillatory behaviour of the wavefunction indicates that the region
is classically allowed and the wavefunction is strongly peaked about a set of exponential solutions (7), (8) to
the classical field equations (6). This establishes the correspondence between the quantum equation and the
classical equations, resulting in a viable quantum theory. So altogether, for the system (4), the Hamiltonian
(12) obtained following Dirac’s constraint analysis starting from the action (9) is particularly well-behaved. It
is important to mention that Horowitz’ formalism also results in the same Hamiltonian (12) (see Appendix B.3
of [17]). In fact choosing the gauge N = 1 a-priori, degeneracy disappears from the action (9) and Ostrograd-
ski’s treatment may be followed to obtain the same Hamiltonian H1D (12) yet again (see Appendix B.1 of [17]).
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2.1.2 Modified Horowitz’ Formalism (MHF)
In the modified Horowitz’ formalism δhij = 0 = δR at the boundary, and therefore the supplementary boundary
terms appearing in (4) as well as in (5) are required. It is customary to integrate the action (5) by parts, as
a result of which the total derivative terms get canceled with the supplementary boundary terms f(φ)ΣR and
ΣR21 , leaving behind the boundary term ΣR22 . The action to start with, then reads as,
A1 =
∫ [(
− 3f
′φ˙z˙
√
z
N
− 3fz˙
2
2N
√
z
+ 6kNf
√
z
)
+
9β√
z
( z¨2
N3
− 2N˙ z˙z¨
N4
+
N˙2z˙2
N5
+
2kz˙2
N
+ 4k2N
)
+ z
3
2
( 1
2N
φ˙
2 − V N
)]
dt+ ΣR22 .
(28)
Thereafter, it is required to choose an auxiliary variable taking the derivative of the action with respect to the
highest derivative appearing in the action, which in the present case is Q = ∂A1
∂z¨
= 18β
N3
√
z
(
z¨ − N˙z˙
N
)
. After
introducing the auxiliary variable in the action judiciously, integration by parts is performed once again so
that the total derivative term gets canceled with the supplementary boundary term ΣR22 . The Hamiltonian
is then constructed and at the end the auxiliary variable (Q) and its canonically conjugate momentum (PQ )
is replaced with the basic variable x and Px , so that the phase-space structure of the Hamiltonian in the
modified Horowitz’ formalism is evaluated as [17]
H1M = NH1M
= N
[
xPz +
√
zPx
2
36β
+
P 2φ
2z
3
2
+
3xf ′(φ)Pφ
z
+ 3f
√
z
(
x2
2z
− 2k
)
− 18kβ√
z
(
x2
z
+ 2k
)
+
9f ′2x2
2
√
z
+ V z
3
2
]
.
(29)
The action (28) may also be expressed in canonical form as,
A1 =
∫
(z˙Pz + x˙Px + φ˙Pφ −NH1M ) dtd3x =
∫
(h˙ijP
ij + K˙ijΠ
ij + φ˙Pφ −NH1M ) dtd3x. (30)
In the above, Pij and Π
ij are momenta canonically conjugate to hij and Kij respectively. In an earlier
work [17], canonical quantization of the Hamiltonian (29) has been performed, probabilistic interpretation
has been explored and in view of the solutions (7) and (8), the viability of quantum dynamics was tested
under an appropriate on-shell semiclassical approximation. Upto first order of approximation, the semiclassical
wavefunction was obtained as [17]
Ψ1M = Ψ02e
i
~
Λ
[(
48βΛ2−4f0
)
z
3
2 − 6f1
a0φ0
z2
]
, where, Ψ02 = ψ02e
G2(z). (31)
Thus the semiclassical wavefunction here again executes oscillatory behaviour and therefore strongly peaked
around the classical inflationary solution (7) and (8). This fact dictates that the Hamiltonian (29) is viable as
well.
Nevertheless, the two Hamiltonian (12) and (29) are distinct for the following reasons. Firstly, it is important
to mention that, the presence of the coupling in the action (4) has only its shear presence in Dirac Hamiltonian
(12), and doesn’t affect its form from the one obtained with constant coupling (see reference [16]). Thus, for
canonical quantization with Dirac Hamiltonian there is no need to have specific knowledge of the coupling
parameter f(φ) . On the contrary, for the purpose of canonical quantization, here in modified Horowitz’
formalism, a specific form of f(φ) is required to resolve the problem of operator ordering ambiguity appearing
due to the presence of f ′(φ) and Pφ in the fourth term of the above Hamiltonian (29). Next, in the MHF, the
Hamilton-jacobi function and the zeroth order on shell action have been found to match as
S0 = A1Cl = −4f0Λz
3
2 + 48βΛ3z
3
2 − 6f1Λ
a0φ0
z
2
. (32)
It is important to mention that to find the on-shell action, one should substitute classical solution in the action
we started with in MHF, viz. (28). Clearly, the result is different from the one obtained following Dirac’s
algorithm (24). Further, one can easily notice that although, the two wavefunctions (27) and (31) have identical
forms, they have different pre-factors and exponents. Finally, indeed there exists a set of transformation
relations in the form
z → z, pz → Pz − 18βk x
z
3
2
+
3fx
2
√
z
;x→ x, px → Px + 36βk√
z
+ 3f
√
z;φ→ φ, pφ → Pφ + 3f ′x
√
z, (33)
6
which relates the two Hamiltonian (12) and (29), however, the transformations are not canonical.
Thus, although, the two Hamiltonian (12) and (29) lead to the same classical field equations, the phase-
space structures are different, leading to distinct although viable quantum descriptions. These facts clearly
reveal that the two Hamiltonian (12) and (29) are different by and large, leading to the pathology of the
so-called “Degenerate Hamiltonian”. In the following subsection we cite another example of such degenerate
Hamiltonian.
2.2 Non-minimal coupling appearing with higher order term
To demonstrate the fact that the pathology of degenerate Hamiltonian is a generic feature of non-minimal
coupling, we take up yet another example. Since this case has not been treated earlier, we explicitly show how
two different canonical formalisms produce two distinct Hamiltonian. The action is chosen in the following
manner as,
A2 =
∫ [
αR + f(φ)R2 − 1
2
φ,µφ
,µ − V (φ)
]√−g d4x+ αΣR + f(φ)ΣR2 , (34)
where the higher order term viz. R2 is coupled with the scalar field. Although, such an action might not be
interesting in the cosmological context, it reveals our present purpose. In the Robertson-Walker minisuperspace
(1), the above action (34) may be expressed using (3) as
A2 =
∫ [
3α
√
z
( z¨
N
− N˙ z˙
N2
+ 2kN
)
+
9f(φ)√
z
( z¨2
N3
− 2N˙ z˙z¨
N4
+
N˙2z˙2
N5
− 4kN˙ z˙
N2
+
4kz¨
N
+ 4k2N
)
+ z
3
2
(
φ˙2
2N
− V N
)]
dt+ αΣR + f(φ)ΣR2 .
(35)
As in the earlier situation (5) here again we note the time-derivative of the Lapse function is present in such
a manner that it appears as a dynamical variable, while it is essentially a Lagrange multiplier. Therefore,
establishing diffemorphic invariance is of-course a non-trivial task. To proceed, we write down the scalar field
and the time-time component of Einstein’s field equations, which are
φ¨+
3
2
z˙
z
φ˙− 9f
′(φ)
z2
(
z¨
2 + 4kz¨ + 4k2
)
+ V ′(φ) = 0,
3
8πG
(
z˙2
4z2
+
k
z
)
+ 9f
(
z˙
...
z
z2
− z¨
2
z2
− z˙
2z¨
z3
+ 6
f ′
f
φ˙z˙z¨ − 2k z˙
2
z3
+ 4
k2
z2
)
=
1
2
φ˙
2 + V.
. (36)
The above field equations (36) admit the following set of inflationary solution in the flat space (k = 0),
a =
√
z = a0e
Λt; φ = φ0e
−Λt; V (φ) =
3Λ2
8πG
+
V1
φ
+
Λ2
2
φ
2; f(φ) = f0 +
1
144Λ4
[
V1
φ
− Λ
2
2
φ
2
]
, (37)
which we shall require at a later stage.
2.2.1 Dirac’s constraint analysis
As already mentioned, usually, the canonical formulation of higher order theory tacitly assumes δhij |∂V = 0 =
δKij |∂V . Therefore, it is customary to start with action (35) being devoid of supplementary boundary terms,
which is,
A2 =
∫ [
3α
√
z
(
z¨
N
− N˙ z˙
N2
+ 2kN
)
+
9f(φ)√
z
(
z¨2
N3
− 2N˙ z˙z¨
N4
+
N˙2z˙2
N5
− 4kN˙ z˙
N2
+
4kz¨
N
+ 4k2N
)
+ z
3
2
( φ˙2
2N
− V N
)]
dt.
(38)
Now substituting z˙
N
= x , in the above action one can write the associated point Lagrangian as,
L2 = 3α
√
z
(
x˙+ 2kN
)
+
9f(φ)
N
√
z
(
x˙+ 2kN
)2
+ z
3
2
( φ˙2
2N
− V N
)
. (39)
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One can easily check that the Hessian determinant vanishes and hence the above point Lagrangian (39) is
singular. Clearly therefore Ostrogradski’s technique doesn’t work and it is required to follow Dirac’s constraint
analysis. For this purpose, let us therefore introduce the constraint z˙
N
− x = 0 through Lagrange multiplier λ
in the Lagrangian corresponding to action (38) as before, so that the point Lagrangian now reads as,
L2 = 3α
√
z
(
x˙+ 2kN
)
+
9f(φ)
N
√
z
(
x˙+ 2kN
)2
+ z
3
2
(
φ˙2
2N
− V N
)
+ λ
(
z˙
N
− x
)
. (40)
The corresponding canonical momenta are now
px =
∂L
∂x˙
= 3α
√
z +
18f(φ)
N
√
z
(x˙+ 2kN) ; pz =
λ
N
; pφ =
z
3
2 φ˙
N
; pN = 0; pλ = 0. (41)
The constraint Hamiltonian therefore is,
Hc = x˙px + z˙pz + φ˙pφ + N˙pN + λ˙pλ − L2. (42)
Clearly we require three primary constraints involving Lagrange multiplier or its conjugate viz, φ1 = Npz−λ ≈
0, φ2 = pλ ≈ 0, and, φ3 = pN ≈ 0, which are second class constraints, as {φi, φj} 6= 0. Note that, since
the lapse function N is non-dynamical, so the associated constraint vanishes strongly, and therefore it may
be safely ignored. The first two second class constraints can now be harmlessly substituted and the modified
primary Hamiltonian reads as,
Hp1 =
N
√
z
36f(φ)
p
2
x − 2kNpx − Nαzpx
6f(φ)
+
Nα2z
3
2
4f(φ)
+
Np2φ
2z
3
2
+ V Nz
3
2 + λx+ u1 (Npz − λ) + u2pλ. (43)
In the above, u1 and u2 are Lagrange multipliers, and the Poisson brackets {x, px} = {z, pz} = {λ, pλ} = 1,
hold. The requirement that the constraints must remain preserved in time is exhibited in the Poisson brackets
{φi,Hpi} viz,
φ˙1 = {φ1,Hp1} = −N ∂Hp1
∂z
− u2 +Σ2i=1φi{φ1, ui}, (44a)
φ˙2 = {φ2,Hp1} = x− u1 + Σ2i=1φi{φ2, ui}. (44b)
Now, constraints must also vanish weakly in the sense of Dirac. As a result, {φ1,Hp1} = φ˙1 ≈ 0, requires
u2 = −N ∂Hp1∂z , and {φ2, Hp1} = φ˙2 ≈ 0, requires u1 = x . On thus imposing these conditions, Hp1 is then
modified by the primary Hamiltonian Hp2 as
Hp2 = N
[
xpz +
√
zp2x
36f(φ)
−
(
2k +
αz
6f(φ)
)
px +
p2φ
2z
3
2
+ V z
3
2 +
α2z
3
2
4f(φ)
]
−N2
( p2x
72
√
zf(φ)
− αpx
6f(φ)
+
3α2
√
z
8f(φ)
− 3p
2
φ
4z
5
2
+
3
2
V
√
z
)
pλ.
(45)
Now, again since constraints must vanish weakly in the sense of Dirac, therefore in view of the poisson bracket
{φ1, Hp2} = φ˙1 ≈ 0, one obtains pλ = 0. Thus the Hamiltonian finally takes the form,
H2D = NH2D = N
[
xpz +
√
z
36f(φ)
p
2
x −
(
2k +
αz
6f(φ)
)
px +
p2φ
2z
3
2
+
(
V (φ) +
α2
4f(φ)
)
z
3
2
]
. (46)
So at this end we have obtained the canonical form of the Hamiltonian and at the same time, diffeomorphic
invariance has been established. The action (38) may also be expressed in canonical form in the following
manner. In view of the Hamilton’s equations,
px = 3α
√
z +
18f(φ)
N
√
z
(x˙+ 2kN) , p˙x = −∂H
∂x
= −Npz. (47)
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Further, using (46) one finds,
(
z˙pz + x˙px + φ˙pφ −NH2D
)
= x˙px + φ˙pφ −
[
N
√
z
36f(φ)
p
2
x − 2kNpx − Nαzpx
6f(φ)
+
Nα2z
3
2
4f(φ)
+
p2φ
2z
3
2
+ V z
3
2
]
= 3α
√
zx˙+
18f(φ)x˙
N
√
z
(x˙+ 2kN) −
[
9f(φ)
N
√
z
(x˙+ 2kN)2 − 6kαN√z − 36f(φ)k√
z
(x˙+ 2kN)
]
+ z
3
2
(
φ˙2
2N
− V N
)
=
[
3α
√
z (x˙+ 2kN) +
9f(φ)
N
√
z
(x˙+ 2kN)2 + z
3
2
(
φ˙2
2N
− V N
)]
,
(48)
and therefore, the action (38) can now be expressed in the canonical form in terms of the basic variables as,
A2 =
∫ (
z˙pz + x˙px + φ˙pφ −NH2D
)
dt d
3
x =
∫ (
h˙ijp
ij + K˙ijπ
ij + φ˙pφ −NH2D
)
dt d
3
x, (49)
where, pij and πij are momenta canonically conjugate to hij and Kij respectively. Thus, canonical formula-
tion of the higher order theory of gravity (34) under consideration has been performed in R-W minisuperspace
background (1). In fact, following Horowitz’ technique [5] the same result emerges. It may also be mentioned
that under the gauge choice N = 1, a-priori, the point Lagrangian (39) becomes regular, and one can fol-
low Ostrogradski’s formalism [1, 2] to end up with the same Hamiltonian HD (46) and the canonical action (49).
Canonical Quantization:
For canonical quantization, one needs to know the commutation relations between the variables and mo-
menta. It might not be trivial, since the constraints are second-class as already mentioned. To proceed, one
needs to compute Dirac’s bracket (DB) instead of Poisson bracket (PB). Dirac bracket of two functions on
phase space, h and g , is defined as
{h, g}DB = {h, g}PB −
∑
i,j
{h, φi}PBM−1ij {φj , g}PB, (50)
where, Mij = {φi, φj}PB , which always has an inverse denoted by M−1ij . In the present case, the matrix and
its inverse are simply Mij =
(
0 −1
1 0
)
, and Mij−1 =
(
0 1
−1 0
)
. Therefore, the Dirac bracket reduces
to the following form
{h, g}DB = {h, g}PB +
∑
i,j
ǫij{h, φi}PB{φj , g}PB , (51)
where ǫij is the Levi-Civita symbol. A straight forward computation yields
{z, pz}DB = {z, pz}PB + ǫ11{z, φ1}PB{φ1, pz}PB + ǫ12{z, φ1}PB{φ2, pz}PB
+ ǫ21{z, φ2}PB{φ1, pz}PB + ǫ22{z, φ2}PB{φ2, pz}PB = {z, pz}PB = 1.
(52)
Likewise, {x, px}DB = {x, px}PB = 1, {φ, pφ}DB = {φ, pφ}PB = 1, {z, px}DB = {z, px}PB = 0 =
{z, pφ}DB = {z, pφ}PB , {x, pz}DB = {x, pz}PB = 0 = {x, pφ}DB = {x, pφ}PB , {φ, px}DB = {φ, px}PB =
0 = {φ, pz}DB = {φ, pφ}PB , {pz, px}DB = {pz, px}PB = 0, {pz, pφ}DB = {pz, pφ}PB = 0, {px, pφ}DB =
{px, pφ}PB = 0. Therefore, the correct implementation of canonical quantization dictates the standard com-
mutation relations, [zˆ, pˆz] = i~ = [xˆ, pˆx] , [pˆz, pˆx] = 0. Since due to diffeomorphic invariance the Hamiltonian
(46) is constrained to vanish, so canonical quantization leads to
i~√
z
∂Ψ
∂z
= − ~
2
36f(φ)x
(
∂2
∂x2
+
n
x
∂
∂x
)
Ψ+ i~
(
2k√
z
+
α
√
z
6f(φ)
)
1
2
(
2
x
∂Ψ
∂x
− Ψ
x2
)
− ~
2
2xz2
∂2Ψ
∂φ2
+
z
x
(
V (φ) +
α2
4f(φ)
)
Ψ,
(53)
where Weyl symmetric operator ordering has been performed in the 1st. and the 3rd. terms appearing on
right hand side, n being the operator ordering index. Under a further change of variable, the above modified
Wheeler-de-Witt equation, takes the look of Schro¨dinger equation, viz.,
i~
∂Ψ
∂σ
= − ~
2
54f(φ)
(
1
x
∂2
∂x2
+
n
x2
∂
∂x
)
Ψ− ~
2
3xσ
4
3
∂2Ψ
∂φ2
+i~
(
4k
3σ
1
3
+
ασ
1
3
9f(φ)
)(
1
x
∂
∂x
− 1
2x2
)
Ψ+VeΨ = HˆeΨ (54)
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where, the proper volume, σ = z
3
2 = a3 plays the role of internal time parameter. In the above, Hˆe is the
effective Hamiltonian operator and Ve =
2σ
2
3
3x
(V + α
2
4f(φ)
) is the effective potential. The hermiticity of the
effective Hamiltonian is ensured for n = −1, which enables one to write the continuity equation as,
∂ρ
∂σ
+∇.J = 0, (55)
where, ρ = Ψ∗Ψ and J = (Jx, Jφ, 0) are the probability density and the current density respectively, with,
Jx =
i~
54f(φ)x
(Ψ∗,xΨ − Ψ∗Ψ,x) −
(
2k
3σ
1
3
+ ασ
1
3
18f(φ)
)
Ψ∗Ψ
x
and Jφ =
i~
3xσ
4
3
(Ψ∗,φΨ− Ψ∗Ψ,φ) . In the process, proba-
bilistic interpretation becomes straight-forward for higher order theory of gravity under consideration following
Dirac’s algorithm.
Semiclassical approximation:
Since we have a set of classical solutions (37) at hand for flat space, therefore to perform semiclassical
approximation, we take up the quantum equation (53), set k = 0 and express it as,
− ~
2√z
36fx
(
∂2
∂x2
+
n
x
∂
∂x
)
Ψ+ i~
[
αz
6fx
∂Ψ
∂x
− ∂Ψ
∂z
]
− ~
2
2xz
3
2
∂2Ψ
∂φ2
+ VΨ = 0,
where, V = z
3
2
x
V +
α2z
3
2
4fx
− i~αz
12fx2
.
(56)
The above equation may be viewed as time independent Schro¨dinger equation with three variables x , z and
φ . Hence, as usual let us seek the solution of the wave-equation as,
Ψ = Ψ0e
i
~
S(x,z,φ) (57)
and expand S in power series of ~ as,
S = S0(x, z, φ) + ~S1(x, z, φ) + ~
2
S2(x, z, φ) + ...., (58)
so that,
Ψ,x =
i
~
[S0,x + ~S1,x + ~
2
S2,x +O(~)]Ψ; Ψ,xx = i
~
[S0,xx + ~S1,xx + ~
2
S2,xx +O(~)]Ψ
− 1
~2
[S20,x + ~
2
S
2
1,x + ~
4
S
2
2,x + 2~S0,xS1,x + 2~
2
S0,xS2,x + 2~
3
S1,xS2,x +O(~)]Ψ;
Ψ,z =
i
~
[S0,z + ~S1,z + ~
2
S2,z +O(~)]Ψ; Ψ,φφ = i
~
[S0,φφ + ~S1,φφ + ~
2
S2,φφ +O(~)]Ψ
− 1
~2
[S20,φ + ~
2
S
2
1,φ + ~
4
S
2
2,φ + 2~S0,φS1,φ + 2~
2
S0,φS2,φ + 2~
3
S1,φS2,φ +O(~)]Ψ,
(59)
etc., where “comma” in the suffix stands for derivative. Now, inserting Ψ,Ψ,x,Ψ,xx,Ψ,z,Ψ,φφ etc. in view of
(57), and (59) in equation (56) and equating the coefficients of different powers of ~ to zero, the following set
of equations (upto second order) are obtained.
√
z
36fx
S
2
0,x +
S20,φ
2xz
3
2
− αzS0,x
6fx
+ S0,z +
z
3
2
x
V +
α2z
3
2
4fx
= 0 (60a)
i
[ √
z
36fx
S0,xx +
n
√
z
36fx2
S0,x +
S0,φφ
2xz
3
2
+
αz
12fx2
]
−
√
zS0,xS1,x
18fx
− S0,φS1,φ
xz
3
2
+
αz
6fx
S1,x − S1,z = 0 (60b)
i
[√
zS1,xx
36fx
+
n
√
zS1,x
36fx2
+
S1,φφ
2xz
3
2
]
−
√
zS21,x
36fx
−
√
zS0,xS2,x
18fx
+
αzS2,x
6fx
− S0,φS2,φ
xz
3
2
− S
2
1,φ
2xz
3
2
− S2,z = 0
(60c)
which are to be solved successively to find S0(x, z, φ) , S1(x, z, φ) and S2(x, z, φ) and so on. Now identifying
S0,x with px , S0,z with pz and S0,φ with pφ , one can obtain the Hamilton constraint equation (46). Further
in view of the definition of canonical momenta px and pφ (41) and pz = −p˙x (47), it is also possible to regain
the time-time component of Einstein’s equation (36) in flat space. So far so good, since everything is consistent
and there is no problem as such. Now, in order to compute S0(x, z, φ) let us express it as,
S0 =
∫
pzdz +
∫
pxdx+
∫
pφdφ (61)
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apart from a constant of integration which may be absorbed in Ψ0 . In view of the classical solution (37), it is
possible to interrelate all the variables. For example,
x = z˙ = 2Λz, φ =
a0φ0√
z
, f = f0 +
V1
144Λ4a0φ0
√
z − a
2
0φ
2
0
288Λ2z
, V = 6αΛ2 +
V1
√
z
a0φ0
+
Λ2a20φ
2
0
2z
. (62)
and so on. The integrals in the above expression (61) can therefore be evaluated using the definitions of
momenta (41) and (47) as,
px =
(
3α√
2Λ
+
72Λ
3
2 f0√
2
)√
x+
V1
4Λ3a0φ0
x−
√
Λa20φ
2
0
2
√
2
1√
x
. (63a)
pz = −
(
3αΛ + 72Λ3f0
)√
z − V1z
Λa0φ0
− Λa
2
0φ
2
0
4
1√
z
. (63b)
pφ = −Λa
3
0φ
3
0
φ2
. (63c)
Therefore the form of S0(x, z, φ) reads,
S0 = 2αΛz
3
2 + 48Λ3f0z
3
2 − Λ
2
a
2
0φ
2
0
√
z. (64)
Now to find the zeroth order on-shell action, we use classical solution (37) to express all the variables in the
action (38) or (49) as well, in terms of z using (62), and then integrate to obtain (N = 1, k = 0),
A2Cl =
∫ [
3α
√
zx˙+
9fx˙2√
z
+ z
3
2
(1
2
φ˙
2 − V )]dt
=
∫ [
12αΛ2 + 144Λ4
(
f0 +
V1
√
z
144Λ4a0φ0
− a
2
0φ
2
0
288Λ2z
)
+
Λ2a20φ
2
0
2z
−
(
6αΛ2 +
V1
√
z
a0φ0
+
Λ2a20φ
2
0
2z
)]
z
3
2
dz
2Λz
= 2αΛz
3
2 + 48Λ3f0z
3
2 − Λ
2
a
2
0φ
2
0
√
z.
(65)
Since Hamilton-Jacobi function matches with the zeroth-order on-shell action, so everything is consistent.
Therefore, proceeding as before, upto first order of approximation, the semiclassical wavefunction is obtained
as
Ψ2D = Ψ03e
i
~
Λ
[(
2α+48Λ2f0
)
z
3
2 − 1
2
a20φ
2
0
√
z
]
, where, Ψ03 = ψ03e
H1(z). (66)
Again we obtain a wavefunction which is oscillatory about classical inflationary solutions, and therefore is well
behaved.
2.2.2 Modified Horowitz’ Formalism (MHF)
In the previous subsection we have found a reasonably viable classical and quantum description of the non-
minimamlly coupled higher order theory (34) under canonical formulation, following Dirac’s constraint al-
gorithm. Here in this subsection, we follow modified Horowitz’ formalism (MHF) of canonical formula-
tion of the same (34) to check how things behave. As mentioned in the introduction, in this formalism,
δhij |∂V = 0 = δR|∂V , i.e instead of Kij , R is kept fixed at the boundary. As a result, total derivative terms
don’t vanish automatically and supplementary boundary terms are required for mutual cancellation. Therefore,
one has to first integrate action (35) by parts, so that some of the total derivative terms are cancelled with the
supplementary boundary terms and follow modified Horowitz’ formalism starting from the action
A2 =
∫ [
α
(
− 3z˙
2
2N
√
z
+ 6kN
√
z
)
+
9f(φ)√
z
( z¨2
N3
− 2N˙ z˙z¨
N4
+
N˙2z˙2
N5
+
2kz˙2
Nz
− 4kz˙f
′φ˙
Nf
+ 4k2N
)
+ z
3
2
(
φ˙2
2N
− V N
)]
dt+ f(φ)ΣR22 ,
(67)
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where, ΣR22
= 4
∮
∂V(R − 3R)K
√
hd3x . Now introducing an auxiliary variable, Q = 18f√
z
(
z¨
N3
− N˙z˙
N4
)
, in the
action (67) and integrating by parts, one obtains
A2 =
∫ [
− 3α
(
z˙2
2N
√
z
− 2k√z
)
− Q˙z˙ − Q
2√zN3
36f
− N˙ z˙Q
N
+
18kf√
z
(
z˙2
Nz
− 2f
′φ˙z˙
Nf
+ 2kN
)
+
(
φ˙2
2N
−NV
)
z
3
2
]
dt.
(68)
Canonical momenta are
Pz = − 3αz˙
N
√
z
− Q˙− N˙Q
N
+
36kf√
z
( z˙
Nz
− f
′φ˙
Nf
)
, PQ = −z˙; Pφ = z
3
2 φ˙
N
− 36kz˙f
′
N
√
z
, PN = − z˙Q
N
. (69)
The N variation equation is
−z˙Q˙− 3αz˙
2
2N
√
z
− N˙ z˙Q
N
+
18kfz˙2
Nz
3
2
− 36kf
′φ˙z˙
N
√
z
+
z
3
2 φ˙2
2N
+Nz
3
2 V − 6αkN√z + N
2Q2
√
z
36f
− 36k
2Nf√
z
. (70)
Since, PQPz = z˙Q˙ +
3αz˙2
N
√
z
+ N˙z˙Q
N
− 36kfz˙2
Nz
3
2
+ 36kf
′φ˙z˙
N
√
z
, therefore, it is straight forward to cast the phase-space
structure of the Hamiltonian as,
H = −PQPz +
(
3α
2N
√
z
− 18kf
Nz
3
2
+
648k2f ′2
Nz
5
2
)
P
2
Q − 36kf
′
z2
PQPφ +
N
2z
3
2
P
2
φ
+
N2
√
z
36f
Q
2 +Nz
3
2 V (φ)− 6αkN√z − 36k
2Nf√
z
.
(71)
Now to establish diffeomorphic invariance, we express the Hamiltonian in terms of the basic variables. This
is performed by replacing the auxiliary variable {Q, PQ} to basic variable {Kij , Πij} . For this purpose, we
choose x = z˙
N
, so that we need to replace Q by Px
N
and PQ by −Nx to find,
H2M = NH2M =
N
[
xPz +
√
zP 2x
36f
+
P 2φ
2z
3
2
+
36kxf ′Pφ
z2
+
(
3α
2
√
z
− 18kf
z
3
2
+
648k2f ′2
z
5
2
)
x
2 − 6αk√z − 36k
2f√
z
+ V (φ)z
3
2
]
.
(72)
The diffeomorphic invariance is thus established. The action (67) we started with in MHF, may be also be
expressed in canonical form as before
A2 =
∫
(x˙Px + z˙Pz + φ˙Pφ −NH2M )dtd3x =
∫
h˙ijP
ij + K˙ijΠ
ij + φ˙Pφ −NH2M )dtd3x, (73)
where, P ij and Πij stand for the momenta canonically conjugate to hij and Kij respectively. Although the
two Hamiltonian (46) and (72) produce the same and unique classical field equations, they differ from each
other by and large. For example, (46) contains a linear term in px , which is absent from (72). On the contrary,
(72) contains a linear term in Pφ . Further the effective potentials are also different. Although, the two are
related under the set of transformation relations,
z → z, pz → Pz − 18f kx
z
3
2
+
3αx
2
√
z
; x→ x, px → Px+36f k√
z
+3α
√
z; φ→ φ, pφ → Pφ + 3f ′x
√
z, (74)
the transformations are not canonical, and therefore the two Hamiltonian are distinct. The difference is more
apparent from their quantum counterpart.
Canonical quantization: The analogous Schro¨dinger equation corresponding to (72) is
i~√
z
∂Ψ
∂z
=− ~
2
36fx
(
∂2Ψ
∂x2
+
n
x
∂Ψ
∂x
)
− ~
2
2xz2
∂2Ψ
∂φ2
+
36k
z
5
2
f̂ ′PφΨ
+
[(
3α
2z
− 18kf
z2
+
648k2f ′2
z3
)
x− 36k
2f
xz
+
z
x
(
V (φ)− 6αk)]Ψ = 0. (75)
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Note that while in (46), a linear term in px appears and operator ordering is required between xˆ and pˆx in (53).
While, here in (72), the same appears with Pφ , and one needs to resolve the operator ordering between fˆ
′(φ)
and Pˆφ in (75), which is possible only after having a specific form of f(φ) . Further the effective potentials are
also different by and large. Since we performed semiclassical approximation in flat space k = 0, we can even
compare the modified Wheeler-deWitt equation (53) for k = 0 with the present one, being expressed as,
i~√
z
∂Ψ
∂z
= − ~
2
36fx
(
∂2
∂x2
+
n
x
∂
∂x
)
Ψ− ~
2
2xz2
∂2Ψ
∂φ2
+
[
3αx
2z
+
zV
x
]
Ψ = 0. (76)
In the flat space k = 0, although the term that requires ordering between fˆ ′(φ) and Pˆφ in (75) is absent,
the same between xˆ and pˆx is still required in the earlier situation (53), and the effective potentials are
also different. Therefore the modified Wheeler-deWitt equations are distinct. Now under a further change of
variable, and using the form of f(φ) obtained in (37), the above modified Wheeler-de-Witt equation (75), takes
the look of Schro¨dinger equation, viz.,
i~
∂Ψ
∂σ
=− ~
2
54f(φ)
(
1
x
∂2
∂x2
+
n
x2
∂
∂x
)
Ψ− ~
2
3xσ
4
3
∂2Ψ
∂φ2
+ i~
k
4Λ4σ
5
3
[(
V1
φ2
+ Λ2φ
)
∂Ψ
∂φ
+
(
Λ2φ3 − 2V1
2φ3
)
Ψ
]
+ VeΨ = HˆeΨ
where, Ve =
(
3α
2σ
2
3
− 18kf
σ
4
3
+
648k2f ′2
σ2
)
x− 36k
2f
xσ
2
3
+
σ
2
3
x
(
V (φ)− 6αk).
(77)
In the above, the proper volume, σ = z
3
2 = a3 plays the role of internal time parameter, and we have
performed the Weyl symmetric operator ordering between fˆ ′(φ) and Pˆφ . Further, Hˆe and Ve are the effective
Hamiltonian operator and the effective potential respectively. The hermiticity of the effective Hamiltonian is
ensured for n = −1, which enables one to write the continuity equation as,
∂ρ
∂σ
+∇.J = 0, (78)
where, ρ = Ψ∗Ψ is the probability density and J = (Jx, Jφ, 0) is the current density, with, Jx = i~54fx (Ψ
∗
,xΨ−
Ψ∗Ψ,x) and Jφ = i~
3xσ
4
3
(Ψ∗,φΨ−Ψ∗Ψ,φ)− k
4Λ4σ
5
3
[(
V1
φ2
+ Λ2φ
)
Ψ∗Ψ
]
. In the process, operator ordering ambi-
guity is resolved (n = −1) from physical consideration.
Semiclassical approximation:
As before, in order to perform semiclassical approximation, we arrange the modified Wheeler-deWitt equa-
tion (76) in the following form,
− ~
2√z
36x
(
∂2
∂x2
+
n
x
∂
∂x
)
Ψ− f(φ)
[
~2
2xz
3
2
∂2Ψ
∂φ2
+ i~
∂Ψ
∂z
]
+ f(φ)
[
3αx
2
√
z
+
z
3
2 V
x
]
Ψ = 0. (79)
The above equation may be viewed as time independent Schro¨dinger equation with three variables x , z and
φ . Hence, let us again seek the solution of the wavefunction as,
Ψ = Ψ0e
i
~
S(x,z,φ) (80)
and expand S in power series of ~ as,
S = S0(x, z, φ) + ~S1(x, z, φ) + ~
2
S2(x, z, φ) +O(~), (81)
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and then, inserting (59) in the wave-equation (79) one obtains
[
− ~
2√z
36x
{
i
~
[
S0,xx + ~S1,xx + ~
2
S2,xx +O(~)
]
− 1
~2
[
S
2
0,x + ~
2
S
2
1,x + 2~S0,xS1,x + 2~
2
S0,xS2,x +O(~)
]
+
in
~x
[
S0,x + ~S1,x + ~
2
S2,x +O(~)
]}
− f(φ)~
2
2xz
3
2
{
i
~
[
S0,φφ + ~S1,φφ + ~
2
S2,φφ +O(~)
] − 1
~2
[
S
2
0,φ + ~
2
S
2
1,φ + 2~S0,φS1,φ + 2~
2
S0,φS2,φ +O(~)
]}
− i~f(φ)
{
i
~
[
S0,z + ~S1,z + ~
2
S2,z +O(~)
]}
+ f(φ)
{
3αx
2
√
z
+
z
3
2 V
x
}]
Ψ = 0.
(82)
Finally, equating the coefficients of different powers of ~ to zero, the following set of equations (upto second
order) is obtained.
√
z
36x
S
2
0,x + f(φ)
S20,φ
2xz
3
2
+ f(φ)S0,z + f(φ)
(
3αx
2
√
z
+
z
3
2 V
x
)
= 0, (83a)
− i
√
z
36fx
S0,xx − in
√
z
36fx2
S0,x − iS0,φφ
2xz
3
2
+ S1,z +
√
zS0,xS1,x
18fx
+
S0,φS1,φ
xz
3
2
= 0, (83b)
− i
√
z
36fx
S1,xx − in
√
z
36fx2
S1,x − iS1,φφ
2xz
3
2
+ S2,z +
√
zS0,xS2,x
18fx
+
S0,φS2,φ
xz
3
2
+
√
z
36fx
S
2
1,x +
S21,φ
2xz
3
2
= 0, (83c)
which are to be solved successively to find S0(x, z, φ) , S1(x, z, φ) and S2(x, z, φ) and so on. Now identifying
S0,x with Px , S0,z with Pz and S0,φ with Pφ , one can obtain the Hamilton constraint equation (46). Further
in view of the definition of canonical momenta Px and Pφ (41) and Pz = −P˙x (47), it is also possible to regain
the time-time component of Einstein’s equation (36) in flat space. So everything so far is consistent. Now, in
order to compute S0(x, z, φ) , let us express it as,
S0 =
∫
Pzdz +
∫
Pxdx+
∫
Pφdφ (84)
apart from a constant of integration which may be absorbed in Ψ0 . In view of the classical solution (37), it is
possible to interrelate all the variables. For example,
x = z˙ = 2Λz; z¨ = 4Λ2z;
...
z = 8Λ2z; φ˙ = −Λφ; φ = a0φ0√
z
,
f = f0 +
V1
144Λ4
1
φ
− φ
2
288Λ2
= f0 +
V1
144Λ4a0φ0
√
z − a
2
0φ
2
0
288Λ2z
= f0 +
V1
144Λ4a0φ0
√
x
2Λ
− a
2
0φ
2
0
144Λx
.
(85)
Canonical momenta (69) therefore take the following forms,
Px = Q = 18f
z¨√
z
=
72Λ2
√
x√
2Λ
(
f0 +
V1
√
x
144Λ4a0φ0
√
2Λ
− a
2
0φ
2
0
144Λx
)
=
72Λ
3
2 f0
√
x√
2
+
V1x
4Λ3a0φ0
−
√
Λa20φ
2
0
2
√
2x
(86a)
Pz = −6αΛ
√
z − 72Λ3f0
√
z − V1z
Λa0φ0
− Λa
2
0φ
2
0
4
√
z
(86b)
Pφ = z
3
2 φ˙ = −Λa
3
0φ
3
0
φ2
(86c)
Hence
S0 =
∫
(Pxdx+ Pzdz + Pφdφ) = −4αΛz
3
2 + 48Λ3f0z
3
2 − Λ
2
a
2
0φ
2
0
√
z. (87)
14
One can also compute the form of the zeroth order on-shell action (k = 0, N = 1) in view of the action (67),
or equivalently in view of the canonical action (73), using the Hamiltonian (72), and the interrelations between
the variables (85) and the definition of momenta (86a) as
A2Cl =
∫ [
x˙Px + φ˙Pφ −
√
z
36f
P
2
x −
P 2φ
2z
3
2
− 3αx
2
2
√
z
− V (φ)z 32
]
dt
=
∫ [
−12αΛ2z 32 + 144Λ4z 32
(
f0 +
V1
144Λ4φ
− φ
2
288Λ2
)
− V1z
2
a0φ0
]
dz
2Λz∫ [
−12αΛ2z 32 + 144Λ4f0z
3
2 − Λa
2
0φ
2
0
2
√
z
]
dz
2Λz
= −4αΛz 32 + 48Λ3f0z
3
2 − Λ
2
a
2
0φ
2
0
√
z.
(88)
Hence, the above zeroth order on shell action (88) matches here again with Hamilton-Jacobi function (87).
Nevertheless, one may note the difference between the Hamilton-Jacobi functions obtained following Dirac’s
algorithm (64) and modified Horowitz fomalism (87), which distinguish the two Hamiltonian as distinct. As
before, it is also possible to find the semiclassical wavefunction upto first order approximation which results is,
Ψ2M = Ψ04e
i
~
Λ
[(
−4α+48Λ2f0
)
z
3
2− 1
2
a20φ
2
0
√
z
]
, where, Ψ04 = ψ04e
H2(z). (89)
The wavefunction here again executes oscillatory behaviour about classical inflationary solutions, and therefore
is well behaved.
In a nut-shell, here again one finds that canonical formulation of action (34) or equivalently (35) in
Robertson-Walker metric (1), following Dirac’s algorithm and modified Horowitz’ formalism end up with two
different Hamiltonian (46) and (72) respectively. The Hamiltonian are not related under canonical transforma-
tion, contain different operator ordering ambiguities, yield different zeroth order on-shell action and over and
above different semiclassical wave-function. Since both the Hamiltonian are potentially viable in the classical
as well as in the quantum domain, therefore, there is no way to pick up one as the correct description of the
theory (34) under consideration. Thus one encounters the pathology of degenerate Hamiltonian, yet again.
Finally, in the following subsection, we briefly describe yet another situation, which had been treated earlier
and the same pathology had already been encountered.
2.3 Modified Einstein-Gauss-Bonnet-Dilatonic coupled action.
The fact that different formalisms produce different Hamiltonian, which are not related under canonical trans-
formation, was first observed in a recent article [16] following an attempt to establish canonical structure of the
action containing Einstein-Gauss-Bonnet-Dilatonic coupled action in the presence of scalar curvature invariant
term, which we dub as MEGBD theory. The action was taken in the following form,
Agb =
∫ √−g d4x [αR + βR2 + γ(φ)G − 1
2
φ,µφ
,ν − V (φ)
]
+ αΣR + βΣR2 + γ(φ)ΣG . (90)
The role of the supplementary boundary terms ΣR and ΣR2 have already been described. In the present action
another supplementary boundary term viz. ΣG = 4
∮
∂V
(
2GijK
ij + K
3
)√
hd3x is required for Gauss-Bonnet-
Dilatonic coupled sector. In the above, γ(φ) is the coupling parameter and V (φ) is the dilatonic potential.
The symbol K stands for K = K3 − 3KKijKij + 2KijKikKkj . The expression for the Gauss-Bonnet term in
the Robertson-Walker minisuperspace (1) is,
G = 24
N3a3
(
Na¨− N˙ a˙
)(
a˙2
N2
+ k
)
=
12
N2
(
z¨
z
− 1
2
z˙2
z2
− N˙
N
z˙
z
)( 1
4N2
z˙2
z2
+
k
z
)
, (91)
as a result, the action (90) in terms of the basic variable z takes the form,
A =
∫ [
3α
√
z
( z¨
N
− N˙ z˙
N2
+ 2kN
)
+
9β√
z
( z¨2
N3
− 2N˙ z˙z¨
N4
+
N˙2z˙2
N5
− 4kN˙ z˙
N2
+
4kz¨
N
+ 4k2N
)
+
3γ(φ)
N
√
z
(
z˙2z¨
N2z
+ 4kz¨ − z˙
4
2N2z2
− N˙ z˙
3
N3z
− 2kz˙
2
z
− 4kN˙ z˙
N
)
+ z
3
2
( 1
2N
φ˙
2 − V N
)]
dt
+ αΣR + βΣR2 + γ(φ)ΣG , where, ΣG = −
z˙
N
√
z
( z˙2
N2z
+ 12k
)
.
(92)
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The φ variation equation and the (00) component of the Einstein’s field equation in terms of the scale factor
are,
24
(
a˙2a¨
N3
+ k
a¨
N
− a˙
3N˙
N4
− ka˙N˙
N2
)
γ
′ − a
3
N
(
φ¨+ 3
a˙
a
φ˙+N2V ′ − N˙
N
φ˙
)
= 0. (93)
6α
a2
( a˙2
N2
+ k
)
+
36β
a2N4
(
2a˙
...
a − 2a˙2 N¨
N
− a¨2 − 4a˙a¨ N˙
N
+ 2a˙2
a¨
a
+ 5a˙2
N˙2
N2
− 2 a˙
3N˙
aN
− 3 a˙
4
a2
− 2kN2 a˙
2
a2
+
k2N4
a2
)
+
24γ′a˙φ˙
N2a3
(
a˙2
N2
+ k
)
−
(
φ˙2
2N2
+ V
)
= 0,
(94)
In the above, prime denotes derivative with respect to φ . The above set of equations admits the following
inflationary solutions (k = 0, N = 1)
a = a0e
Λt and φ = φ0e
−Λt
, under the condition,
γ = − φ
24Λ2
, V = 6αΛ2 +
1
2
Λ2φ2.
(95)
The Hamiltonian following Dirac’s constrained analysis was found as [16],
H3D = NH3D = N
[
xpz +
√
zp2x
36β
−
(
αz
6β
+
γx2
6βz
+
2kγ
3β
+ 2k
)
px +
p2φ
2z
3
2
+
(
γ2
4βz
5
2
+
3γ
2z
5
2
)
x
4
+
α2z
3
2
4β
+
(
αγ
2β
√
z
+
12kγ
z
3
2
+
2kγ2
βz
3
2
)
x
2 +
2αkγ
√
z
β
+
24k2γ√
z
+
4k2γ2
β
√
z
+ V z
3
2
]
.
(96)
The Hamiltonian (96) produces correct classical field equations and has passed all tests at the quantum domain.
In the process of semi-classical approximation, the Hamilton-Jacobi function was found to match the zeroth-
order on-shell action (see Erratum in connection with [16], which hopefully, will appear soon)
S0 = 2αHz
3
2 + 48βH3z
3
2 − H
2
a
2
0φ
2
0
√
z = Acl, (97)
and therefore the semiclassical wave-function up-to first order approximation reads as,
Ψ3D = Ψ05e
i
~
[
2αHz
3
2 +48βH3z
3
2 −H
2
a20φ
2
0
√
z
]
, where, Ψ05 = ψ05e
J1(z). (98)
The wavefunction here again executes oscillatory behaviour about classical inflationary solutions (95), and
therefore is perfectly well behaved.
On the contrary, Modified Horowitz’ formalism yields [16]
H3M = NH3M = N
[
xpz +
√
zpx
2
36β
+
p2φ
2z
3
2
+
(
x3
z3
+
12kx
z2
)
γ
′
pφ + 3α
( x2
2
√
z
− 2k√z
)
− 18kβ√
z
(x2
z
+ 2k
)
+
(
x6
2z
9
2
+
12kx4
z
7
2
+
72k2x2
z
5
2
)
γ
′2 + V z
3
2
]
,
(99)
which also produces correct classical field equations. It is quite apparent that the two Hamiltonian (96) and
(99) differ substantially. While the Dirac Hamiltonian contains the coupling parameter γ(φ) every now and
then, the modified Horowitz’ Hamiltonian involves only the derivative (γ′ ) of the same. Further, the two suffer
from operator ordering ambiguities in different variables, and such ambiguity cannot be removed from (99)
unless, the form of the coupling parameter γ is known a-priori. Finally, the two (96) and (99) are not related
under canonical transformation. Thus, the two give different phase-space structures and different quantum
descriptions of the same theory. The Hamiltonian (99) also passes all the tests in the quantum domain, and the
difference between the two becomes more prominent in the semi-classical wavefunctions. The Hamilton-Jacobi
function hereto matches with the zeroth-order on-shell actions, viz.
S0 = −4αHz 32 + 48βH3z 32 − H
3
a
2
0φ
2
0
√
z = Acl, (100)
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and therefore the semiclassical wave-function up-to first order approximation reads as,
Ψ3M = Ψ06e
i
~
[
−4αHz
3
2 +48βH3z
3
2 −H
3
a20φ
2
0
√
z
]
, where, Ψ06 = ψ06e
J2(z). (101)
The wavefunction here again executes oscillatory behaviour about classical inflationary solutions (95), and
therefore is also perfectly well behaved. One can clearly notice that the semi-classical wavefunctions (98) and
(101) contain different pre-factors and also different exponents and so the two Hamiltonian (96) and (99) are
different altogether, resulting in the said pathology of degenerate Hamiltonian yet again.
3 Resolving the degeneracy.
The examples cited in section 2, clearly reveals that there is apparently no way to select one of the two
techniques as the correct one and the pathology of degenerate Hamiltonian appears to be a generic feature of
higher-order theories with non-minimal coupling. One can select either of the two techniques as a mater of
taste. For example, as mentioned, Dirac’s formalism (together with Ostrogradki’s and Horowitz’ techniques)
tacitly assumes δhij |∂V = 0 = δKij |∂V , which results in disappearance of the well-cherished Gibbons-Hawking-
York (GHY) boundary term [6, 7]. Remember that this term is related to a very important physical quantity,
viz. the entropy of the black hole. Further, following a re-definition, or conformal transformation, one can
switch over from higher-order [F (R) ] theories, to the scalar-tensor equivalent forms in Jordan frame or in
Einstein’s frames respectively. In order to find the corresponding field equations under variation, it is then
required to fix the effective scalar [Φ = F ′(R) in Jordan frame, and φ˜ =
√
3α lnF ′(R) ] at the boundary,
which in turn requires to fix the Ricci scalar R at the boundary, instead of Kij . Thus, it might appear that
canonical formulation following modified Horowitz’ formalism, which fixes δhij |∂V = 0 = δR|∂V is a better
option, since it is mathematically consistent, and physically relevant (since it retains GHY term). On the
contrary, if one works in some anisotropic mini-superspace, additional boundary terms are required to match
Cauchy initial value data with boundary data. In this sense, the choice δhij |∂V = 0 = δKij |∂V appears to be
mathematically consistent, although as mentioned, one has to sacrifice the Gibbons-Hawking-York boundary
term [6, 7]. We also mention that the canonical Hamiltonian obtained following the MHF has a very pleasant
feature. Although, in the case of minimal coupling, the Hamiltonian obtained following the two formalisms
are related through canonical transformation [16], the two carry two different effective potentials. The MHF
formalism yields an effective potential in the form Ve =
V (φ)z
x
+ 3αx
2z
, where, z
3
2 = a3 = σ is the internal time
parameter. If one now finds the extremum of the effective potential ∂Ve
∂x
= 0, the result is a = a0e
√
V (φ)
6α
t ,
using the relation x = z˙ . This is interesting, since it reveals that inflation is a generic feature of an action
associated with higher order curvature invariant terms. On the contrary, the effective potential appearing form
Dirac’s formalism is Ve =
2z
3x
(V (φ) + α
2
4β
) , only yields V (φ) = −α2
4β
= −V0 , which is a constant. Nevertheless,
Dirac’s formalism had so far been hailed with great success to handle constrained system and so it’s a dreary
to think that the formalism is less propitious in higher-order theories of gravity.
In view of the preceding discussion, we find no resolution to the pathology associated with degenerate
Hamiltonian. Therefore, whether one would like to stick to δhij |∂V = 0 = δKij |∂V , and sacrifice a physical
consequence, viz. the Gibbons-Hawking-York boundary term [6, 7] or would prefer δhij |∂V = 0 = δR|∂V
ignoring the mathematical consequence of matching the boundary data with Cauchy initial value data, is
presently left as a matter of taste. Thus, we disregard the issue of boundary fixing, and in this section, rather
quest for a legitimate resolution to the pathology from a different viewpoint. On the contrary, we remind that
Horowitz’ formalism [5] was modified along the following statements. The action must be expressed in terms
of the basic variable hij , and should be integrated by parts to remove all the total derivative terms from the
action prior to the introduction of auxiliary variable. We suggest to apply the same prior to the initiation of
Dirac’s algorith. In the following, we cite one example in connection with MEGBD theory, to demonstrate how
it resolves the pathology of degenerate Hamiltonian.
While dealing with the higher-order action in the presence of Gauss-Bonnet-Dilatonic coupled term, Dirac’s
analysis was initiated from the action (92) being devoid of supplementary boundary terms. On the contrary, in
the modified Horowitz’ formalism, the same action was integrated by parts and the starting point is the action
A3 =
∫ [
α
(
− 3z˙
2
2N
√
z
+ 6kN
√
z
)
+
9β√
z
(
z¨2
N3
− 2N˙ z˙z¨
N4
+
N˙2z˙2
N5
+
2kz˙2
Nz
+ 4k2N
)
− γ
′
z˙φ˙
N
√
z
(
z˙2
N2z
+ 12k
)
+ z
3
2
(
1
2N
φ˙
2 − V N
)]
dt+ ΣR22 .
(102)
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If one now proceeds with Dirac’s algorithm starting from the above action being devoid of the supplementary
boundary term ΣR22 , since it vanishes due to the fact that δKij |∂V = 0, then it is required to introduce the
variable z˙ = Nx , at this stage, so that the above action is expressed as,
A3 =
∫ [
− 6αN
(
x2
4
√
z
− k√z
)
+
9β
N
√
z
(
x˙
2 +
2kN2x2
z
+ 4k2N2
)
− xγ
′φ˙√
z
(
x2
z
+ 12k
)
+ z
3
2
(
φ˙2
2N
−NV
)]
dt.
(103)
Therefore,
L3 =
9β
N
√
z
(
x˙
2 +
2kN2x2
z
+ 4k2N2
)
− xγ
′φ˙√
z
(
x2
z
+ 12k
)
+ z
3
2
(
φ˙2
2N
−NV
)
− 6αN
(
x2
4
√
z
− k√z
)
+ λ
(
z˙
N
− x
)
px =
18β
N
√
z
x˙; pφ =
z
3
2 φ˙
N
− γ
′x√
z
(
x2
z
+ 12k
)
; pz =
λ
N
; pλ = 0 = pN .
(104)
Hence,
Hp1 =
N
√
z
18β
p
2
x +
Np2φ
z
3
2
+
Nxγ′
z2
(
x2
z
+ 12k
)
pφ + z˙
λ
N
− N
√
z
36β
p
2
x − 18Nβk√
z
(
x2
z
+ 2k
)
+
Nxγ′√
z
(
x2
z
+ 12k
)[
pφ
z
3
2
+
xγ′
z2
(
x2
z
+ 12k
)]
− N
2z
3
2
2N
[
p2φ
z3
+
2xγ′
z
7
2
(
x2
z
+ 12k
)
pφ +
x2γ′2
z4
(
x2
z
+ 12k
)2]
+ z
3
2NV − z˙ λ
N
+ λx+ u1(Npx − λ) + u2pλ
= N
[ √
z
36β
p
2
x +
p2φ
2z
3
2
+
xγ′
z2
(
x2
z
+ 12k
)
pφ +
x2γ′2
2z
5
2
(
x2
z
+ 12k
)2
− 18kβ√
z
(
x2
z
+ 2k
)
+ z
3
2 V
]
+ λx+ u1(Npx − λ) + u2pλ, where, φ1 = Npz − λ ≈ 0, φ2 = pλ ≈ 0.
(105)
Thus,
φ˙1 = {φ1, Hp1} = −N ∂Hp1
∂z
− u2 ≈ 0;⇒ u2 = −N ∂Hp1
∂z
,
φ˙2 = {φ2,Hp1} = −x+ u1 ≈ 0;⇒ u1 = x.
(106)
Hence the primary Hamiltonian is modified to
Hp2 = N
[
xpz +
√
z
36β
p
2
x +
p2φ
2z
3
2
+
xγ′
z2
(
x2
z
+ 12k
)
pφ +
x2γ′2
2z
5
2
(
x2
z
+ 12k
)2
− 18kβ√
z
(
x2
z
+ 2k
)
+ z
3
2 V
]
−Npλ ∂Hp1
∂z
.
(107)
Now one can check that φ˙1 = {φ1,Hp2} ≈ 0, ⇒ pλ = 0, and φ˙1 trivially vanishes. Hence,
H3D = NH3D = N
[
xpz +
√
z
36β
p
2
x +
p2φ
2z
3
2
+
xγ′
z2
(
x2
z
+ 12k
)
pφ +
x2γ′2
2z
5
2
(
x2
z
+ 12k
)2
− 18kβ√
z
(
x2
z
+ 2k
)
+ z
3
2 V
]
.
(108)
Thus one arrives at the same canonical Hamiltonian (99) obtained following modified Horowitz’ treatment, and
hence the pathology of degenerate Hamiltonian is resolved.
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Likewise, for the action (4), instead of considering the minisuperspace action (9) as the starting point, if
one initiates Dirac’s constraint analysis starting from action (28), one would have ended up with the same
Hamiltonian (29), obtained following modified Horowitz’ treatment. In the process the pathology of degenerate
Hamiltonian is again circumvented. The same is true for the action (34). That is, instead of considering the
minisuperspace action (38) to be the starting point, if one would have initiated Dirac’s constraint analysis
starting from action (67), then the same Hamiltonian (72), obtained following modified Horowitz’ analysis
would have arrived at, removing the degeneracy yet again. This is true for minimally coupled case also.
4 Concluding Remarks
Degenerate Hamiltonian should not be confused with branched Hamiltonian, which appears when the La-
grangian contains terms quartic (or even more powers) in velocities [18, 19, 20, 21, 22, 23, 24]. In such cases
the expression for velocities are multivalued functions of momenta, resulting in the so called multiply branched
Hamiltonian with cusps. As a result at any instant of time the particle/ field can jump from one branch of
the Hamiltonian to the other, since equation of motion allows such jumps. Thus classical solutions are un-
predictable. So branched Hamiltonian is a pathology of higher degree theories, which is an incurable decease.
On the contrary, two different canonical approaches of the same non-minimally coupled higher-order theory
have been found to produce two different Hamiltonian, which are not related under canonical transformation.
The two yield correct classical field equations and viable quantum dynamics and therefore are distinct. This
implies that such theories suffer from the degeneracy in Hamiltonian, and as such the phase-space trajectory
of the particle/ field is completely unpredictable.
We raise the issue of branched Hamiltonian because, Lanczos-Lovelock gravity as well as Gauss-Bonnet-
Dilatonic coupled action suffer from the pathology of Branched Hamiltonian. However, the problem had been
bypassed under the addition of higher order term R2 in the action [25, 26, 27]. In a recent article [16] we,
for the first time have observed that canonical formulation of Gauss-Bonnet-Dilatonic coupled action in the
presence of scalar curvature squared term following Dirac’s algorithm yields a different Hamiltonian which is
not related to the one obtained following Modified Horowitz’ Formalism under canonical transformation, while
none suffers from any pathology. Here, in section 2, we find that this is indeed true for non-minimally coupled
higher order theories.
In order to resolve the pathology of degenerate Hamiltonian, we disregard the issue of boundary fixing
and left it as a matter of taste. this is due to the fact that, both the options δhij |∂V = 0 = δKij |∂V and
δhij |∂V = 0 = δR|∂V as discussed in section 3, are associated with some vices and virtues as well. On the
contrary, it is well known that in the case of General Theory of Relativity, unless the total derivative term is
removed from the action, it is treated as higher order theory, resulting in a trivial quantum counterpart [14].
Same is true for for Gauss-Bonnet term, which although topologically invariant in 4 dimension, will produce
some field equations. In this sense, even for higher-order theories, there is no reason to start with an action,
without handling the total derivative terms a-priori. Therefore, we finally come to the conclusion that prior
to the application of Ostrogradski’s, Dirac’s or Horowitz’ formalisms, one should express the action in terms
of the basic variables hij , and integrate out all the total derivative terms from the action. In the process,
Horowitz’ formalism becomes identical to the so-called Modified Horowitz’ formalism and all the techniques
produce unique Hamiltonian. In the process, the pathology of degenerate Hamiltonian is removed. It is also
important to mention that expressing the action is expressed in terms of the basic variable hij from the very
beginning, has pronounced importance, since otherwise one encounters additional total derivative terms, which
does not appear from variational principle [14].
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